Abstract. Analogs of well-known problems and theorems on convex bodies are considered for the case where the convex bodies are replaced by continuous fields of convex bodies in vector bundles.
§1. Introduction
By a convex body K ⊂ R n we mean a compact convex set with nonempty interior. In what follows, V (K) denotes the volume of K ⊂ R n and S(K) the area of K ⊂ R 2 . We say that a field of convex bodies (f.c.b.) or a field of figures (f.c.f.) is given in a vector bundle γ : E → B if in each fiber of the bundle we have a convex body (or a figure in the case of two-dimensional fibers) that continuously depends on the fiber.
The present paper is a continuation of the paper [1] , where various geometric problems on continuous fields of convex bodies in vector bundles were studied.
A typical extremal problem on convex bodies (see [2] ) is to find the maximal value of a certain G-invariant functional f on the class of convex bodies K ⊂ R n , where G is a subgroup of the group Aff(R n ) of affine transformations of R n . Let f be a G-invariant functional on the class of convex bodies K ⊂ R n , and let γ : E → B be an n-dimensional vector bundle with structure group G. Let s be an f.c.b. in the bundle γ, and let s(b), b ∈ B, be a convex body belonging to the field in question and lying in the fiber γ −1 (b) . In this paper, we consider the problem of finding inf s sup b f (s(b)) for various functionals f . In the survey [2] , many functionals f of geometric origin defined on convex bodies in R n were considered. In the present paper, we only deal with some of them.
We consider f.c.b. in the most important tautological bundle
where G k (R n ) is the Grassmann manifold of k-dimensional planes passing through O ∈ R n . In this bundle, the fiber over a k-plane g ∈ G k (R n ) is the same plane regarded as a k-dimensional subspace of R n . The most important examples of f.c.b. of geometric nature in γ n k are the fields of cross sections of a convex body K ⊂ R n that contains the point O by planes in G k (R n ) (or projections of K to the planes in G k (R n )). Therefore, every theorem on f.c.b. in γ n k implies a similar theorem on k-dimensional cross sections or projections of a convex body K ⊂ R n . Below, we focus on the simplest case of f.c.b. in γ n 2 , and especially on the bundle γ 3 2 , which is the first nontrivial case. §2. Universally inscribed polygons Besicovitch [6] proved that every plane convex figure K admits an inscribed affine image of a regular hexagon. Later, various proofs of this fact were given by other mathematicians (see [2] ).
In [1] , it was conjectured that each f.c.b. in the bundle γ n 2 contains a figure that has an inscribed (circumscribed) affine-regular (2n + 2)-gon and also a figure that has an inscribed (circumscribed) regular 2n-gon.
We note that, for n = 2, this conjecture gives the Besicovitch theorem mentioned above, together with the well-known theorem stating that every convex plane figure admits an inscribed square, and also the corresponding dual theorems. We also note that the famous Schnirel man theorem [7] says that one can inscribe a square in every regular Jordan plane curve.
Asymptotically, the conjecture stated above was actually proved in [8] , which implies that, for each prime p < 2n − 2, every f.c.b. in the bundle γ n 2 contains a figure that has an inscribed (circumscribed) regular p-gon. For further refinements of this estimate, see [9] .
However, only in one case has the conjecture been proved completely. In [10] , it was shown that every f.c.f. in γ 3 2 contains a figure circumscribed about (inscribed in) an affine-regular octagon.
Thus, the first open case of the conjecture states that, for n = 3, there is a convex figure admitting an inscribed (circumscribed) regular hexagon.
It has been noticed by N. Yu. Netsvetaev that this case of the conjecture implies the Besicovitch theorem.
Indeed, for a given convex figure K ⊂ R 2 , consider a cylinder C ⊂ R 3 with base K and with height considerably greater than the diameter of the base. In the bundle γ 3 2 , we consider the f.c.f. formed by the cross sections of C by planes passing through an interior point O of C equidistant from the bases of C. Observe that the figure cut out by a plane touching a base of the cylinder does not admit any inscribed (circumscribed) regular hexagon, because such a figure is very stretched by the construction of C. Let S be a regular hexagon inscribed in (circumscribed about) a cross section that does not touch the bases of C, and let π : C → K be the orthogonal projection onto a base K of C. Then π(S) is an affine-regular hexagon inscribed in (circumscribed about) K.
Remark. In §9, a slight modification of the above argument will allow us to prove that if every f.c.f. in γ n+1 2 contains a figure that can be inscribed in (circumscribed about) a regular (2n + 2)-gon, then every f.c.f. in γ n 2 contains a figure that can be inscribed in (circumscribed about) an affine-regular (2n + 2)-gon.
It is not known whether every Jordan plane curve admits an inscribed square. However, the following statement is valid. Proof. Let s be a continuous section of γ 3 2 such that, for every plane x ∈ G 2 (R 3 ), the point s(x) is inside the Jordan curve lying in the fiber x. We show that some curve of the field is circumscribed about a square with center at the corresponding point s(x) of its fiber.
Theorem 1. Every continuous field of Jordan curves in the bundle γ
We prove this for smooth fields of smooth Jordan curves and a smooth section s. We prove that the number of such squares is odd in the typical situation.
Consider the bundle γ : E → G 2 (R 3 ) associated with γ , the squares inscribed in the curves of this field form a smooth compact two-dimensional manifold C. Let
be the projection mapping a square to its center. Then π(C) realizes a two-dimensional cycle in E 2 (R 3 ). This cycle intersects a typical fiber in E 2 (R 3 ) at an odd number of points, because an odd number of squares is inscribed in a typical smooth Jordan plane (see [7] ). Thus, π(C), as well as s(G 2 (R 3 )), realize the generator of the group H 2 (E 2 (R 3 ); Z 2 ) ∼ = Z 2 , and their intersection index is 1 modulo 2, which implies the claim.
The general case is obtained from the above by passing to the limit with the help of approximating the continuous field of Jordan curves and the section s by smooth fields of smooth Jordan curves and smooth sections, respectively. The theorem is proved. §3. Ellipticity measures and symmetries of convex bodies 3.1. Ellipticity measures. It is well known (see [2] ) that, for every convex body K ⊂ R n , there exists an ellipsoid E such that E ⊂ K ⊂ nE, where nE is the ellipsoid homothetic to E and having the same center; the coefficient of homothety is n. Here, as an outer ellipsoid E 1 we can take the (unique) Levner ellipsoid that has minimal volume and contains the body K; in this case, we have
As an inner ellipsoid E 2 we can take the (unique) ellipsoid that has maximal volume and lies in K; then K ⊂ nE. Under our assumptions, 
and also a figure K 2 with f 2 (K 2 ) ≥ π/4 such that in its fiber there is an ellipse E 2 with
All these estimates are sharp.
Proof. It is easily seen that for the role of K 1 we can take a figure that belongs to the given field and is inscribed in an affine-regular octagon Ω 1 (see [10] ), and as E 1 we can take an ellipse circumscribed about Ω 1 . It is easy to check that
For the role of K 2 we can take a figure that belongs to the given field and admits an inscribed affine-regular octagon Ω 2 (see [10] ), and as E 2 we can take an ellipse inscribed in Ω 2 . It is easy to check that
To prove that the above estimates are sharp, consider an f.c.f. in γ Remarks. 1. Some sharp estimates for f.c.f. in the bundles γ n 2 for n close to primes can be found in [1, 3, 9] .
2. The following important problem remains unsolved: is it true that, for every a < 1 and every k ≥ 3, there is N such that for all n ≥ N an arbitrary f.c.b. in the bundle γ n k contains a body K with f i (K) ≥ a, i = 1, 2? Clearly, the positive answer is a nonintegrable version of the well-known Dvoretzky theorem [11] . For k = 2 the answer is in the positive [3] .
Minkowski symmetry measure.
The well-known Minkowski-Radon theorem says that every convex body K ⊂ R n contains an interior point O such that the ratio of the distances from O to each pair of parallel support planes for K is at least 1 : n (see [2] ). It is also known that this is equivalent to the fact that every convex body K ⊂ R n contains an interior point O such that every chord of K passing through O is divided by O in the ratio of at least 1 : n (see [2] Proof. As K, we can take any figure in the f.c.f. in question that has an inscribed (or circumscribed) affine-regular octagon, and the role of O can be played by the center of this octagon.
The author does not know any sharp estimate in this theorem.
Remarks. 1. In [1] , it was proved that, for every a < 1 and a positive integer k, there exists N such that, for n ≥ N , each f.c.b. in γ n k contain a body K with an interior point O such that each chord of K passing through O is divided by O in the ratio of at least a : 1.
2. The results of [9] imply that, for n ≥ 4, every f.c.f. in γ n 2 contains a figure K that has an interior point O such that each chord of K passing through O is divided by O in the ratio of at least cos 2π/p : 1, where p is the greatest prime less than 2n + 2.
Both remarks are valid also for the ratios of the distances from O to each pair of parallel support planes for K.
3.3. Kovner, Bezikovich, and Estermann symmetry measures. The well-known Kovner-Bezikovich theorem states that every convex figure K ⊂ R 2 contains a centrallysymmetric figure with area at least 2 3 S(K) (see [2] ). It is well known that every convex figure K ⊂ R 2 lies in a centrally-symmetric convex figure of area not exceeding 2S(K). (Apparently, the first proof of this fact was obtained by Estermann in [2] .) Proof. Indeed, in every f.c.f. in γ body K that contains a centrally-symmetric convex body of volume not exceeding V (K) and lies in a body of volume not exceeding V (K)/a.
3. Towards the proof of the conjecture discussed in §2, one can use the results of [1, 3, 8, 9 ] to obtain good estimates for approximations of figures belonging to an f.c.f. in γ n 2 by centrally symmetric convex figures. 4. In [12] , it was proved that every convex body K ⊂ R 3 contains an affine image of a circular cylinder with volume at least
V (K). In [13] , it was proved that every convex body K ⊂ R 3 lies in an affine image of a regular octagonal pyramid with volume at most 3 √ 2V (K). Both estimates cannot be refined if K is a tetrahedron. §4. k-partite points of a continuously distributed mass and the Neumann-Rado theorem
k-partite points.
It is well known that any continuously distributed mass on a plane can be split into four parts of equal mass by a pair of perpendicular lines. R. Buck and E. Buck [14] proved that every measurable figure K ⊂ R 2 has a 6-partite point, i.e., a point for which there exist three lines that pass through this point and subdivide K into 6 parts of equal area. Every continuously distributed finite mass in a plane has a 6-partite point [2] .
We say that a point A ∈ R 2 is 2k-partite for a finite continuously distributed mass m if there exist k lines that pass through A and split m into 2k equal parts. We say that a mass distribution field (m.d.f.) is given in a vector bundle γ : E → B if in each fiber we have a continuously distributed finite mass that depends continuously on the fiber. Proof. In [15] , it was proved that every continuously distributed mass in R 3 can be orthogonally projected to a plane so as to possess an 8-partite point. The proof extends to the case of an arbitrary m.d.f. in γ Remark. The results of [15] imply that, for each m.d.f. in γ n 2 , there is a fiber with a 2(n + 1)-partite point for even n and a fiber with a 2n-partite point for odd n ≥ 5. Apparently, for odd n there is also a fiber with a 2(n + 1)-partite point.
In [1, §6] it was conjectured that, for every m.d.f. in the bundle γ n 2 , there is a fiber g ⊂ E 2 (R n ) with a regular 2n-gon (affine-regular 2(n + 1)-gon) such that the rays connecting the center of the polygon with its vertices split the mass distributed in the plane g into equal parts. For n = 2, we obtain precisely the statements mentioned at the beginning of this section. If n > 2, then only an "affine" version of the conjecture for n = 3 is proved, which is a refinement of the theorem on the existence of an 8-partite point for an m.d.f. in the bundle γ , there is a fiber such that the mass distributed in it can be split into six equal parts by three lines passing through a common point and forming angles of π/3.
In the same way as in §2, it can be proved easily that the "affine" part of the conjecture follows from another conjecture, saying that the existence of the required affine-regular 2(n + 1)-gon for an m.d.f. in γ 
Neumann-Rado theorem.
The well-known Neumann-Rado theorem states that for every finite mass uniformly distributed in R n , there is a point such that each hyperplane passing through it splits the mass in the ratio of at least 1 : n. Proof. Any 8-partite point A, existing in a fiber of γ 3 2 by Theorem 5, has the required property. Indeed, each half-plane bounded by a line that belongs to this fiber and passes through A contains three of the eight sectors into which four lines passing through A divide the plane of the fiber. Each sector contains one eighth of the mass, and therefore, the half-plane contains at least 3/8 of the mass in the fiber.
Remarks. 1. The author does not know any sharp estimate in Theorem 6.
2. From the above remark to Theorem 5, it follows that, for n > 3 and an arbitrary m.d.f. in the bundle γ n 2 , there is a plane g ⊂ E 2 (R n ) and a point A ∈ g such that every line passing through A splits the mass distributed in g in the ratio of at least (n − 1) : (n + 1) for odd n and in the ratio of at least n : (n + 2) for even n.
3. The author has no answer to the following fundamental question: is it true that, for every a < 1 and a positive integer k, there exists N with the following property: for every positive integer n ≥ N and an arbitrary m.d.f. in the bundle γ n k , there exists a fiber g ⊂ E k (R n ) and a point A ∈ g such that every line in g passing through A splits the mass distributed in the fiber in the ratio of at least a : 1. §5. The length of the unit circle in a normed plane It is well known (see [16, 17] ) that the length of a circle of radius 1 in a normed plane is at least 6 and at most 8.
The author does not know whether for every Finsler metric in the bundle γ 3 2 , i.e., in the case where in each fiber we have a norm continuously varying with the fiber, there exists a fiber in which the unit circle has length 2π. Nevertheless, the following statement is valid. Proof. In [18] , it was proved that every continuous field of centrally-symmetric convex figures in the bundle γ Remark. The results of [9] imply that, for every Finsler metric in the bundle γ n 2 , there is a fiber with unit circle of length at least 4p sin π 2p , and also a fiber with unit circle of length at most 4p sin π 2p · sec π/p, where p is the greatest prime less than 2n. Diskant and Shcherba [28, 29] considered the problem concerning the perimeter of a nonsymmetric unit circle in a plane.
Theorem 7. For every Finsler metric in γ
Let K be a convex figure for which the origin O ∈ R 2 is an interior point. The Minkowski distance or gauge function for the pair (K, O) is the function
Thus, the figure K plays the role of a "unit circle" with "center" O. By the length of a broken line A 1 . . . A n we mean In the case where K is a convex polygon, we denote by p + (K, O) and p − (K, O) the length of its boundary passed counterclockwise and clockwise, respectively. By continuity, we can define p + (K, O) and p − (K, O) for an arbitrary convex figure K ⊂ R 2 and an arbitrary interior point O in K.
In [29] , it was proved that the inequalities p + (K, O) ≥ 6 and p − (K, O) ≥ 6 are always valid. In [30] , it was proved that for every convex figure K ⊂ R 2 we can choose an origin
In [30] , it was also proved that every f.c.f. in the bundle γ Proof. We prove that a figure K circumscribed about an affine-regular octagon Ω has the required property (such a figure exists by the results of [10] ).
Considering support lines for K at the vertices of the octagon Ω, we reduce the problem to the case where K is an octagon bounded by support lines. For convenience, we assume that the octagon Ω is regular and has unit width.
We prove that if we take Ω as a unit circle in the fiber under consideration, then the perimeter of the octagon K circumscribed about Ω is at most 8. Let A 1 A 2 be a side of the octagon K, and let B 1 B 2 be the chord of Ω that passes through its center O and is parallel to A 1 A 2 . Let B 1 B 3 B 4 B 2 be the parallelogram bounded by the continuations of two parallel sides of K, by the chord B 1 B 2 , and by the continuation of the segment A 1 A 2 (see Figure 1 ). We have
Adding the inequalities obtained for all sides of Ω, we get
because, obviously, S(K) ≤ 1 (see [13] ).
Remark. Apparently, the estimate obtained is unimprovable for the field of cross sections of the tetrahedron by the planes passing through its interior point. Such cross sections are triangles or quadrangles. The perimeters of the triangles are not less than 9 (see [30] The author does not know any sharp estimate in Theorem 9. Since there is a canonical projection E k (R n ) → S n−1 that takes a unit vectorē ∈ E k (R n ) to the same vector viewed as a unit vector in R n , and therefore, preserves the angles between vectors, we see that every function f on the sphere S n−1 that is CLipschitz with respect to the angular metric induces a function on the space E k (R n ) that is C-Lipschitz on the fibers. Therefore, Theorem 9 implies the following statement.
Corollary. For every function f on the sphere S 2 ⊂ R 3 that is C-Lipschitz with respect to the angular metric, there is a great circle of S
2 for which the image has length at most Cπ/2.
Remarks. 1. The results of [8] imply that for any fiberwise C-Lipschitz continuous function f on the spherization of the bundle γ n 2 , there is a fiber S 1 ⊂ E 2 (R n ) for which the image f (S 1 ) has length less than 2Cπ/p, where p is the greatest prime less than 2n − 2.
2. The author does not know whether for all a > 0 and C > 0 and a positive integer k ≥ 3 there exists N with the following property: for any n ≥ N and an arbitrary continuous function f on the spherization of the bundle γ n k (i.e., on the set of unit vectors in E k (R n )) satisfying the Lipschitz condition with constant C on the fibers with angular metric, there is a fiber S k−1 for which the image f (S k−1 ) has length not exceeding a.
§7. Universal covers and the Young theorem
A subset A of R n is called a universal cover for sets of unit diameter if every subset of R n of unit diameter lies in a congruent copy of A. In [20] , Pal proved that a regular hexagon of unit width is a planar universal cover. In [22] , Gale proved that a regular octahedron of unit width is a universal cover in R 3 . As usual, we denote by V k (R n ) the Stieffel manifold of orthonormal k-frames in R n ; let S m−1 ⊂ R m be the unit sphere.
Following [21] , we denote by M n (N ) the class of bounded polyhedra in R n that are bounded by N pairs of parallel hyperplanes tangent to the ball of unit diameter in R n . (ē 1 , . . . ,ē k+m ) (or of the axes  ( 1 , . . . , k+m ) ) is homeomorphic to V k (R n ); we denote this manifold in the same way. For every position of the set of axes ( 1 , . . . , k+m ) ∈ V k (R n ), we consider the set (P 1 , . . . , P k+m ) of (k − 1)-planes in the k-plane of lines ( 1 , . . . , k+m ) such that the plane P i is perpendicular to the line i and is equidistant from the parallel support planes for the body in the f.c.b. in question lying in the plane of the lines ( 1 , . . . , k+m ) . We denote by O the intersection point of P 1 , . . . , P k and place the common origin of the axes 1 , . . . , k+m at O. We define a mapping g : V k (R n ) → R m by taking, for 1 ≤ i ≤ m, the intersection point of k+i ∩ P k+i (this is a number on the number line k+i ) for the role of the ith coordinate of g( 1 , . . . , k+m ).
Lemma 1. If there is no continuous mapping
By construction, g is continuous and
Orthogonalizing the vectors (ē 1 , . . . ,ē k ), we obtain a frame v in V k (R n ), and we put
. . , k+m ). Obviously, h(−v) = −h(v). If the congruent images of the polyhedron Π do not cover the bodies belonging to the f.c.b. in question, then for every
with the property f (−v) = −f (v). Lemma 1 is proved.
Since the Stieffel manifold V k (R n ) is (n − k − 1)-connected, we see that there is no continuous mapping f : V k (R n ) → S n−k−1 with the property f (−v) = −f (v) (see, e.g., [15] ). We obtain the following result. [21] , and for even n this follows from [15] . Thus, the following statement is true. For n = 2, Theorem 11 coincides with the Pal theorem [20] . The well-known Young theorem states that any subset of R n with diameter not exceeding 1 lies in a ball of diameter 2n/(n + 1).
In [1] , it was proved that for every ε > 0 and every positive integer k, there is N such that for n ≥ N every f.c.b. of diameter at most 1 in the bundle γ These objects were considered by the author in the paper [1] , where a geometric invariant (γ) of the bundle γ, namely, the smallest number such that γ has an f.p. with at most vertices was studied.
Obviously, we have (γ) ≤ (γ 1 ) if there is a morphism of bundles γ → γ 1 that is a fiberwise isomorphism, because we can lift the f.p. from γ 1 to γ by this morphism.
In particular, (γ) ≤ n + 1 if there exists a Gauss map E → R n , i.e., a continuous map that is a monomorphism on the fibers. The latter condition is equivalent to the existence of a morphism that is a fiberwise isomorphism γ Proof. Indeed, in [24] - [26] it was proved that for some g ∈ G k (R n ) we have
whence m ≥ n + 1.
Remark. By dimension considerations, for n + 1 sections s 1 , . . . , s n+1 of γ n k in general position, the mapping
gives rise to an f.p. in γ Below, we consider the treatable case of the bundle γ
In this case, we prove Conjecture 2 and also a statement close to Conjecture 1. Of some interest also is the invariant (γ) of a vector bundle γ, equal to the smallest number such that γ admits an f.p. for which the numbers of the vertices of polyhedra in different fibers differ by at most .
Clearly, (γ) ≥ (γ) + k + 1. However, below we show that equality occurs always. Considering the field of projections of an n-dimensional simplex to k-planes, we see that (γ n k ) ≤ n − k. However, we have, e.g., (γ 
) have a field of tetrahedra. Translating these tetrahedra, we may assume that their centers coincide with the origins of the fibers. The vertices of all tetrahedra in the field form a threedimensional compact submanifold M ⊂ E 3 (R 4 ), which is a 4-fold covering of G 3 (R 4 ). Our field of tetrahedra induces a field of tetrahedra in the tautological bundle
over the Grassmannian manifold of oriented planes. The vertices of the tetrahedra in this field form a three-dimensional compact submanifold M ⊂ E + 3 (R 4 ), which covers the
in a 4-fold way. Since this base is simply connected, M is a disjoint union of four spheres:
By construction, the manifold M is a two-fold covering of M . Two distinct points in the same sphere S i have distinct images under the covering M → M , because otherwise we would have a nonzero section of the bundle γ In the sequel, we assume that n ≥ 4 (the case where n = 3 was considered in [1] ). We need the following Lemma 2. For a plane figure K ⊂ R 2 , we denote by ε(K) the smallest ε > 0 such that the figure K contains a circle and lies in a (1 + ε)-homothetic circle with the same center.
Let R n ⊂ R n+1 be given by the equation x n+1 = 0, and let be the orthogonal complement to R n , given by Proof. For every ε > 0, the first condition in the above lemma uniquely determines an extension of an f.c.f. from γ n 2 to all planes in G 2 (R n ) that form an angle of at least ε with . For the role of the figure K(g) in such a plane g ∈ G 2 (R n+1 ) we must take π −1 (K), where K is the figure in π(g) ∈ G 2 (R n ) that belongs to this field. If ε > 0 is sufficiently small and g ∈ G 2 (R n+1 ) is an arbitrary plane forming an angle of ε with the line , then the figure in this field that lies in g has width in the direction of at least C times greater than its width in any direction perpendicular to .
It remains to extend the f.c.f. to the planes g ∈ G 2 (R n+1 ) forming angles smaller than ε with . While extending, we must preserve the property mentioned above. For instance, this can be done by ensuring that the figures in the planes passing through be congruent rectangles with the property that passes through the greatest median of each rectangle, which is at least C times greater than the smallest side of the rectangle. Lemma 2 is proved.
Proof of Theorem 14. 1. We prove the first statement of the theorem.
For each plane g ∈ G 2 (R n ), let K(g) denote the figure of the field that lies in g, and let O(g) be the center of symmetry of K(g). We consider all ordered sets {e 1 , . . . , e p } of p rays lying in g and having origin at O(g); we assume that the neighboring rays form angles of 2π/p. Obviously, the manifold M of the set in question is homeomorphic to the Stieffel manifold V 2 (R n ). Let p be the smallest prime greater than 2n − 2. We consider the continuous mapping F : M → R p for which the ith coordinate function for 1 ≤ i ≤ p is equal to the length of the segment cut by the figure Kg from the ray i . The group Z p acts on M by cyclic permutations of rays and on R p by cyclic permutations of coordinates. By construction, the mapping F is Z p -equivariant.
As was proved in [27] , if p + 1/2 ≤ 2n − 2, i.e., p ≤ 4n − 5, then the image F (M) of M contains a point with 2n−2 equal coordinates. In other words, in the set ( 2 , . . . , p ) ∈ M we can find 2n − 2 rays i 1 , . . . i 2n−2 having the same origin at the center of symmetry of some figure K in the field and such that the figure K cuts out equal segments from these rays. Consequently, from the continuations of the rays i 1 , . . . , i 2n−2 , the figure K also cuts out equal segments, and a centrally-symmetric (4n − 4)-gon P the vertices of which coincide with those of a regular 2p-gon with p ≤ 4n − 5, is inscribed in K. The classical results of Chebyshev imply the existence of a prime p such that 2n − 2 < p ≤ 4n − 7; we use this fact.
There exists a constant C(n) depending on n such that every polygon P as described above contains a circle and is contained in a C(n)-homothetic circle with the same center. Indeed, assuming that the radius of the circle circumscribed about P is 1, we observe that P contains a circle of radius at least √ 2/2, because every side of P subtends an arc of size not exceeding 90
• , which follows from the fact that the number of the vertices of the 2p-gon is less than 2 · (2n − 6) = 4n − 12. The convex figure K that belongs to the given field and is circumscribed about P lies in the star bounded by the continuations of every other side of the polygon P (see Figure 2) . The diameters of these stars for all such polygons P are uniformly bounded because there are only finitely many forms of such polygons P . This proves the existence of C(n).
Figure 2
Now we complete the proof of part 1 of the theorem. Let C(n + 1) be the constant in R n+1 defined above for a prime p such that 2n < p < 4n − 3. By Lemma 2, we can extend the f.c.
with a constant C > C(n + 1). Then, by the choice of C, the above-mentioned centrally-symmetric 4n-gon P inscribed in a circle can only be inscribed in a figure K in g ∈ G 2 (R n+1 ) that forms an angle of at least ε with the line = (R n ) ⊥ . In this case the affine image π(P ) is inscribed in the figure π(K) in the plane π(g) ∈ G 2 (R n ). If the figure π(K) is a polygon, then it has at least 2n sides, because the 4n-gon π(P ) is inscribed in it.
2. Part 2 is proved similarly. As above, with the help of a theorem of Cohen and Lusk [27] , we prove that some figure in the f.c.f. in γ n 2 admits an inscribed affine image of a 2n-gon P the vertices of which coincide with some vertices of a regular p-gon for a prime p such that 2n < p ≤ 4n − 5. Elementary considerations show that the above inequality makes it possible to estimate the "asphericity" ε(K) of a convex figure K circumscribed about P .
3. The proof of part 3 of the theorem follows from the results of the paper [9] , where it was proved that if 2n+1 is prime, then each f.c.f. in γ n 2 contains a figure K circumscribed about an affine-regular (2n + 1)-gon, and if n + 1 is prime, then it contains a figure K circumscribed about an affine image of a semiregular equilateral (2n + 2)-gon, i.e., about a polygon with equal sides and with two interlacing series of equal angles. In all cases, if K is a polygon, then we see immediately that K has at least n + 1 sides.
The next statement follows from Theorem 14.
Corollary. Every field of polyhedra in the bundle
Proof. Translating the polyhedra in the field, we can reduce the proof to the case where O is an interior point of all polyhedra (e.g., their barycenter). Let
be the decomposition into a direct sum of orthogonal subspaces, where dim L = k − 2. Consider a continuous field of polygons in the bundle γ
where P is the k-dimensional polyhedron that belongs to the given field and lies in the k-dimensional plane L ⊕ L 1 . By Theorem 14, the field constructed contains a polygon with at least n − k + 2 sides, and therefore, the given field contains a polyhedron with at least n − k + 2 faces.
Figure 3
The dual bound on the number of vertices can be obtained by application of the above statement to the field of polyhedra polar to the given ones with respect to the unit balls with centers at O in the fibers of γ n k . §10. Lattice packings of convex bodies on the plane and in space Fáry [4] proved that every convex figure K ⊂ R 2 admits a lattice packing of density at least 2/3. For a triangle K, this estimate is sharp. Proof. It suffices to consider the case of strictly convex figures, which is assumed in the sequel. In the remaining cases, the theorem is obtained by passing to the limit.
Theorem 15. Every continuous field of convex figures in γ
The proof is based on the proof of the above-mentioned Fáry theorem given in [5] . In every oriented plane g passing through O ∈ R 3 , we consider the difference set ∆K(g) = {x −ȳ |x,ȳ ∈ K(g)} for the figure K(g) that belongs to the given field and lies in g. Our assumptions imply that ∆K(g) is a strictly convex centrally-symmetric figure. Therefore, every boundary point of ∆K(g) is a vertex A of a unique affine-regular hexagon ABCDEF inscribed in ∆K(g), and we may assume that the vertices in the given order lie on the boundary of ∆K(g) clockwise in accordance with the orientation of the figure. It is obvious that the manifold M of such hexagons is homeomorphic to SO (3) , and the group Z 2 acts on M by taking a hexagon of the type ABCDEF to the hexagon centrally symmetric to it. Let ABCDEF ∈ M be an arbitrary hexagon, let g be the plane where it lies, and let O be the center of symmetry of ABCDEF (and also the origin in g). Then the images of K(g) under translations by integral linear combinations kOA + OB form a planar lattice packing of K(g), with the fundamental region of area 2S(OAB) (see [2] ). Thus, it suffices to prove that there is a plane g such that S(K(g)) ≥ 3 2 S(OAB). By construction, the figure K(g) has chords A 1 A , B 1 B , and C 1 C that have one and the same length and are parallel to and codirected with the oriented segments OA, OB, and OC, respectively (see Figure 3) .
We consider the continuous mapping By construction, F preserves the action of Z 2 , which is defined on M as above and on R 2 as the central symmetry with respect to (0, 0). It is easy to check that, in this case, Figure 4 there exists a hexagon ABCDEF with F (ABCDEF ) = (0, 0) (see [21] In contrast to the Fáry theorem [4] , our estimate is not sharp. Theorem 15 implies the following statement.
Theorem 16. Every convex body K ⊂ R
3 can be placed into a cylinder C such that V (C) ≤ 3V (K) and C admits a lattice packing in R 3 with density at least 3/4.
To prove Theorem 16, we need the following lemma. Proof. The lines parallel to and passing through the points of K ⊂ R n form an infinite convex cone C containing K.
Let AB be the longest chord of K parallel to . Let P A and P B be support planes for the body K at the points A and B. From C, these planes cut out a bounded cylinder C that contains K and has generatrix parallel to .
After the volume-preserving Steiner symmetrization with respect to a hyperplane perpendicular to , the cylinder C becomes direct, and the body K obviously contains a bipyramid mirror-symmetric with respect to the base and having the same height and base as C, whence V (C) ≤ nV (K).
Proof of Theorem 16. It suffices to observe that, by Theorem 15, the orthogonal projection K 1 of K to a plane along a line admits a planar lattice packing with density at least 3/4. By Lemma 3, the body K is inscribed in a cylinder C of volume at most 3V (K), with generatrix parallel to and with the base K 1 . By construction, such a cylinder has a lattice packing of density at least 3/4 in space, which proves the theorem.
Corollary. Every convex body K ⊂ R
3 admits a lattice packing of density at least 1/4.
Apparently, this estimate is very rough, because the "fibers" of the lattice packing constructed are separated from each other by parallel planes.
Using a slight modification of the proofs of Theorems 15 and 16, we can prove the following statement.
Theorem 17. Let
be a trivial bundle over the Grassmannian manifold of lines passing through O ∈ R 3 . Assume that a continuous field of convex bodies is given in γ. Then the body K in the fiber over some line ∈ G 1 (R 3 ) can be placed in a cylinder C such that V (C) ≤ 3V (K), the generatrix of C is parallel to , and C has a lattice packing of density at least 3/4.
Remark. It is well known that every convex figure K ⊂ R 2 gives rise to a lattice cover of the plane with density not exceeding 3/2. The results of the paper [13] show that every f.c.f. in γ 3 2 contains a figure that yields a lattice cover of the plane with density not exceeding √ 2.
